Abstract-Reported data are reviewed briefly. When a molten metal is extruded to produce a wire directly from the melt, a capillary stream 0.2-3 mm in diameter is directed into a cooling medium so that external heat exchange ensures faster solidification of the metal as compared to capillary disintegration of the stream into drops. The following two assumptions regarding the shape of the solidification front exist: a planar solid ification front normal to the axis and a curved axisymmetric front surface. Both assumptions are considered. The assumption of a curved axisymmetric solidification front surface of the molten metal in a cylinder is shown to be more realistic.
INTRODUCTION
Active interest in solving solidification problems (Stefan problems) is related to the wide application of the industrial processes (especially in metallurgy) that use phase transformations accompanied by thermal effects to process materials. The majority of solutions have been obtained to date in studying the solidifica tion of bulk metals (see, e.g., [1] [2] [3] [4] [5] [6] [7] ). The problems of this type are characterized by large sizes, a large ther mal mass, and the immobility of the bodies to be stud ied. These specific features make it possible to apply these solutions to investigating solidification in a mov ing thermally thin cylinder only from a methodologi cal standpoint.
During the extrusion of a molten metal to produce wires directly from a melt, a capillary stream 0.2-3 mm in diameter is directed in a cooling medium for external heat exchange to provide faster solidification of the metal as compared to capillary disintegration of the stream into drops. Some aspects of the flow and disintegration of a capillary stream and various types of external heat exchange in this technological process were analyzed (see, e.g., [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ). In this work, we consider some features of the mathematical simula tion of the solidification front motion in a solidifying stream.
Ostroumov [18, 19] studied the problem of solidifi cation of an infinite liquid cylinder pulled at a constant speed from a furnace, and his results are important for the problems of extrusion of metallic melts. However, some initial assumptions (variable solidification tem perature, initial supercooling of a liquid, initial setting of a planar solidification front normal to the axis) restrict the application of these investigations.
ANALYSIS OF THE EXISTING SOLUTION
The cycle of studies performed by Berman et al. [20, 21] is of particular interest from the standpoint of investigating the process under study due to the devel opment and improvement of the processes of produc tion of a cast microwire in glass insulation 5-30 μm in diameter at a speed up to 8 m/s. Those authors ana lyzed the problem of solidification of a moving liquid cylinder that is not thermally isolated from the envi ronment under the following boundary conditions. (The formulation of the problem and its solution are modified by us with allowance for our problem.)
The initial cylinder temperature is
where ϑ = t -t at and t m is the melting (solidification) temperature. Ambient temperature t at is constant and is taken to be a reference point. The solidification front, i.e., plane z = l (z is the axial coordinate), divides the cylinder into two parts, namely, liquid (subscript 1) and solid (subscript 2) parts. The thermo physical parameters are averaged and are considered to be the same in both parts. At the isothermal inter face, we have
where υ is the cylinder speed, ΔH m is the melting (solidification) heat, λ is the thermal conductivity, ρ is the metal density, and Berman derived a dynamic heat conduction equation for a moving cylinder that takes into account heat transfer by both heat conduction and the cylinder motion,
where (5a) a is the thermal diffusivity, α is the heat transfer coef ficient of the surface, i = 1 and 2, and d is the cylinder diameter.
We should determine quasi stationary temperature fields ϑ 1 (z) and ϑ 2 (z) and the position of boundary z = l.
The value of l is found using boundary condition (2) from the equation (6) Here, ϑ 1 (z) and ϑ 2 (z) are the found temperature fields 
where c is the heat capacity of the metal. A supercooling forms before the solidification front in the liquid part of the cylinder at the pulling speed (11) Minimum temperature ϑ min < ϑ m is reached at point z min ∈ (0, l). The dependence ϑ min = ϑ min (d, υ) has an asymptotic decreasing character when d or υ increases. The limiting possible temperature of the supercooled liquid is (12) We introduce the maximum possible supercooling depth (13) For copper, we have ϑ d = 567°C [21] ; for steel (iron), we have ϑ d = 325°C [22] .
The experimental data in [21] indicate that the assumption of a planar solidification front is justified 2 2 2 0,
It is interesting to estimate its correctness at the parameters important for the extrusion of molten met als, namely, d = 200-300 μm and υ = 1-3 m/s. We now modify Eq. (8) . We express ϑ ini in terms of ϑ m using Eq. (7) and boundary condition (2), substi tute this expression into Eq. (8), and obtain (14) where (15) from Eqs. (9) and (5a).
If the origin of the axial coordinate is translated to the solidification front to analyze the temperature field of the solidified part of the cylinder, we have z' = z -l and (16) Therefore, the cooling of the solid part of the cylin der can be represented as the cooling of a moving sin gle phase cylinder from the initial temperature (ϑ m ); is independent of the initial temperature of the liquid cylinder ϑ ini and the heat of solidification ΔH m ; and is determined by the temperature at the head end (ϑ m ), speed υ, diameter d, heat exchange with the environ ment α, and the physical parameters of the solid cylin der (ρ, c, a).
According to [21] , 4a 2 S 2 /υ 2 is on the order of 10 -2 at d = 5-30 μm. At the values of diameter d under study, this quantity is on the order of 10 -3 -10 -4
; there fore, we can use the transformation (17) Taking into account Eq. (5a) for S 2 , we have and Eq. (16) takes the form (18) It is known [23] that the temperature conditions of a thermally thin cylinder is described by the equation
where ϑ and ϑ ini are the current and initial cylinder temperatures, respectively, As a result of the substitution τ = z/υ, we obtain
A comparison of Eqs. (18) and (19) shows that the temperature conditions of the solidified part of the cylinder described by Eq. (18) are identical to the well known cooling conditions of a cylinder without phase transformations (Eq. (19)); therefore, the heat gener ation in the solidification front weakly affects the tem perature field of the solidified part of the cylinder ϑ 2 (z). Then, the problem of the way of heat removal from a planar solidification front normal to the axis and the assumption of this solidification front shape are to be refined.
We now estimate the limits of application of the assumption of a planar solidification front in a cylin der. Let solidification take place in a cylinder segment of length Δz (Fig. 1) .
The thermal balance of the solidification section is (20) Here, F and Π are the cross sectional area and perim eter, respectively; F(q 1 + c 1 ρυϑ m ) is the heat intro duced through section I; F(q 2 + c 2 ρυϑ m ) is the heat introduced through section II; FυρΔH m is the heat released due to solidification; αΠϑ m Δz is loss Q los to the environment; and q 1 and q 2 are the specific heat The assumption of a planar solidification front nor mal to the axis means that Δz = 0; then, it follows from Eq. (21) that (22) When averaging and equating the heat capacities of the liquid and solid phases, we obtain (23) which coincides with the meaning of boundary condi tion (3).
Using Eq. (14), we determine heat flow q 2 ,
or, with allowance for Eq. (17), we have It follows from equality (23) that (25) Thus, when speed υ increases, heat flow q 2 by heat conduction to the solidified part decreases. At suffi ciently high speeds υ of pulling a liquid cylinder, a regime at which q 1 < 0 takes place (see equality (25) ), which means the necessity of a supercooled liquid before solidification. It is known [13, 24] that the supercooling of a melt during metal solidification is related to thermody namic and kinetic specific features. Here, this super cooling is necessary to satisfy one of the problem assumptions, namely, the assumption of a planar solidification front (Δz = 0).
Large volumes in most metals can be supercooled only insignificantly (by about 1°C [24] ) before solidi fication. However, "if the metal volume is divided into numerous small droplets, many of them can be strongly supercooled" [24, p. 77] . In particular, the experimentally achieved supercooling is 236°C for cop per and 295°C for iron. According to [25] , the super cooling of rapidly cooled iron droplets 30-50 μm in diameter is 300-350°C. As noted above, the super cooling depth required for a planar solidification front does not exceed 567°C for copper and 325°C for iron. For small diameters (5-30 μm or smaller), the super cooling required according to the problem assumption and the thermodynamically achieved supercooling are likely to have the same order of magnitude. Therefore, the assumption of a planar solidification front is for mally fulfilled in these cases under the real conditions of production of a cast microwire in glass insulation.
The values at which q 1 < 0 are determined from the inequality (26) which is a consequence of equality (25) . We substitute the expression for ε according to Eq. (9) into Eq. (24), take into account Eq. (26), and eventually obtain an inequality coinciding with Eq. (11).
For solidification condition (11) to exist in the liq uid part of the cylinder, the preliminary supercooling should have a certain depth to meet the requirement q 1 < 0. If we make a more general assumption of a curved solidification front, it is seen from Eq. (21) that both heat flows q 1 and q 2 at Δz > 0 can be positive due to the fact that the heat from a solidification region in this case is removed directly to the environment. A curved solidification front shape during melt extrusion is also indicated by experimental data. For example, Kavesh [8] used metallography to determine the direc tion of the normal to the solidification front in a zinc cast wire 267 μm in diameter prepared by melt extru sion into water. The angle between the normal and the wire axis near the surface was 79°. If the solidification front normal to the axis was planar in this case, this angle would be 0°.
DERIVATION AND ANALYSIS OF AN EQUATION FOR A CURVED
AXISYMMETRIC SHAPE OF THE SOLIDIFICATION FRONT An analysis of the boundary conditions and limita tions of extrusion shows that, to a first approximation, we can restrict ourselves to the consideration of a mathematical model in which a thermally thin stream
(cylinder) of an infinite length has the solidification temperature of the molten metal at the entrance into the infinite volume of a cooling medium. Let a disk of thickness Δl travel a distance Δz = υΔτ along with the stream in the motion direction. In this case, the disk releases a certain quantity of heat into the environment as a result of the solidification of a ring of thickness Δr in the disk,
The heat losses are (28) Here, q is the specific heat flow from the outer surface; r is the current radius of the solidification front; r out is the outside radius of the solidifying stream, (29) r 1 is the initial stream radius; ρ l and ρ s are the metal densities in the liquid and solid state, respectively; and ΔH m is the melting heat.
We set Eq. (27) equal to Eq. (28), pass to the limit at Δτ → 0, designate and obtain an equation that describes the solidifica tion front motion over the cross section of the stream, 
The outer surface radius of the stream during solid ification is determined according to Eq. (29) from the equality (33) Combining Eqs. (32) and (33), we obtain the following equation for the outer surface of the solidifying stream:
Thus, the stream in the solidification region has the shape of a truncated cone due to the decrease in the metal volume during solidification.
The solidification region length is
The final radius of the solidified stream is
It is known [21] that the volume change during solidification ΔV/V l is a relatively small quantity: for iron, ΔV/V l = -2.2 × 10 -2 ; for copper, ΔV/V l = -4.1 × 10 -2 ; and for aluminum, ΔV/V l = -6.0 × 10 -2 . We can show that β = (1 -Ω) = -(ΔV/V l ); therefore, we have β ≤ 6 × 10 Therefore, the solidification front has a shape close to a paraboloid of revolution; the smaller the change in the density during solidification, the closer the front to this shape.
The increase in the size along the axial coordinate induced by the change in the density during solidifica tion at any R = const can be taken into account using Eqs. (32) and (38) and the expression (39)
In particular, for iron at β = 2.2%, the elongation of solidification region L sol is ~0.5%.
In a first approximation, solidification region length can be estimated from Eq. (35) in the form Therefore, the solidification region length is deter mined by the value of complex N q . Allowing for the limits of the related variables, we obtain Correspondingly, we have L sol ~ 10 2 -10 5 . Thus, the solidification region length along the axis is 100-100000 diameters of a cylinder 0.5-3 mm in diameter, and the assumption of a planar solidification front normal to the solidification axis is seen to be far from reality.
The only quantity in complex N q that can be con trolled over a wide range is the specific heat flow from the outer surface q. Hence, the intensification of external heat exchange is the only thermophysical fac tor to decrease the solidification region to an accept able length, which sets the problem of a mathematical simulation of this factor under the specific conditions of extrusion of a molten metal. CONCLUSIONS Our analysis of two mutually excluding assump tions of the solidification front shape in a thermally thin cylinder during mathematical simulation shows that the assumption of a curved axisymmetric solidifi cation front yields more realistic results.
